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1 Introduction

The goal of this bachelor thesis is to show how one can translate certain integer linear
optimization problems into the language of multivariate polynomials and solve them

using methods from computer algebra.

In the Eecand section | will define the basic notions from optimization, which we will
need to describe the integer programs we look at. | will show how to bring arbitrary
integer programs into a certain form which we will use later to translate them into
algebraic terms. Furthermore, | will cite some results on the complexity of optimization
problems, which will show that solving integer programs efficiently is a task of interest

in modern mathematics.

In the Ehird section we will look at the algorithms for reduction and computing Grobner
bases, which we will need to solve the optimization problem. We will also see how we
can use the cost function of a linear program to define a monomial ordering. This gives

us the first step in the way to translating our problem.

In the Eairth section we will associate the toric ideal /4 to the constraint matrix A of
an integer program and see that we can use this ideal to reduce an initial solution of
the integer program to an optimal one, using the algorithms introduced in the previous

section.

The only problem that we are left with is the computation of a Grobner basis of /4. We
will show in the Eiffh section general properties of /4 which would allow to compute a
Grobner basis in various ways. Several of the algorithms for different types of integer
programs are described in the diploma thesis of Christine Theis [TThe99], on which this

bachelor thesis is based.

We will study one of these algorithms in detail, which was introduced by Serkan Hosten
and Bernd Sturmfels in [HS95].



2 Basics of Linear and Integer Optimization

In this section, we will define the basic structure of the problems we will later try to
solve. Therefore, | will introduce linear and integer programs and show that we can
bring them into a so called standard form, which will allow us to treat them without

case-by-case analysis.

2.1 Definition: Linear Program

A linear program (LP) is a problem of the following form:

Find a vector x = (xg, ..., x,)" € R" (for some n € N, n > 0, n < 0o) subject to

e a finite amount of equal-constraints of the form:

a1 * Xij1 + ... + ain * x;p = b for some i € {1, ..., max },

e a finite amount of less-or-equal-constraints of the form:

ajp * X1+ ...+ ajp * Xjp < bj for some j € {imax + 1, .. Jmax}

e a finite amount of greater-or-equal-constraints of the form:

ak1 * Xk1 + ... + akn * Xkn > by for some k € {Jmax + 1, .., kmax = m},

where for all i € {1,...,n} and j € {1,....m}: a; € R, b, € R

e and some sign-constraints of the form:
x;>0foriesS
where S C {1, ..., n}

such that the objective function value
C1*X, + ...+ Ch* X,

for some ¢; € R, i € {1, ..., n} is minimal (respectively maximal).

2.2 Definition: Integer Program

We call a problem an integer program (IP) if it has the same form as described in
definition 2, but we only search for integer solution vectors x € Z" and all occurring
coefficients in the constraints are integer: a;; € Z and b; € Z (for all i € {1, ..., n} and
all je{1,....m}).

2.3 Example

Consider the following problem:

Suppose an automaker wants to transport 50 new cars from its production facility to
the city where they should be sold. It can hire a company C; to transport them for $100
per car or a company C, to transport them for $80 per car. Due to limited resources,
each company cannot transport more than 40 cars. How should the automaker split the



cars among the companies such that the expense is minimal?

This problem can be formulated as integer program as follows:

Find x = (x1, x)" € Z? subject to the constraints

x1 <40,

x2 < 40,

X1 + xo = 50,

x1, X2 2 0,

such that 100 * x; + 80 * x5 Is minimal,

where x; corresponds to the number of cars transported by the company C; and x to

the number of cars transported by company Cs.

Note that v/ = (40,10)" is a feasible solution of the integer program with objective
function value 100 % 40 4+ 80 * 10 = 4800.

2.4 Definition

Suppose we have a linear program (LP).

We call the components x; € R of the vector x € R” we are searching for the variables
of (LP).

We call a vector x € R" a feasible solution for (LP) if the vector fulfills all constraints
of (LP).

For any vector x € R” exactly one of following properties is true:

e |t may not be a solution of (LP): the vector is not a feasible solution of (LP).

e |t may be a feasible optimal solution of (LP): the vector is a feasible solution
of (LP) and there is no other vector which is a feasible solution of (LP) and
has a smaller objective function value, if the problem is a minimization problem
(respectively has a bigger objective function value, if the problem is a maximization

problem).

e |t may be a feasible but non-optimal solution of (LP): the vector is a feasible solu-
tion of (LP), but there is another feasible solution with a strictly better objective

function value.

The same holds true for integer programs if we replace R by Z.



2.5 Definition

Suppose we have a linear program (LP).

Exactly one of following properties is true:

e The program is infeasible: there is no feasible solution (and thus no feasible

optimal solution) for the program.

e The program is unbounded: for each value z € R, there is a feasible solution x
with a better objective function value ¢’ x < z if the program is a minimization

problem (respectively c¢”x > z if the program is a maximization problem).

e The program is feasible and not unbounded: an optimal feasible solution exists.

The same holds true for integer programs if we replace R by Z.

Note that due to the linearity of the constraints, the value sup{c’ x| x is a feasible solution }
will always be taken if the program is neither infeasible nor unbounded for some x* € R”,

so the statement is indeed true.

2.6 Definition: Standard Form
We say that a given linear program (LP) is in standard form if

e there are no less-or-equal- and greater-or-equal-constraints in (LP),
e all variables are sign-constrained (that means S = {1, ..., n} in definition 2-11) and
e (LP) is a minimization problem.

By using the definition of matrix multiplication, we may combine the constraint coef-
ficients a;; to a matrix A = (a;;) € R™" respectively the right-hand-sides of the con-
straints and objective function coefficients b; and ¢; to vectors b = (by, ..., by) € R™
and ¢ = (¢, ..., cy) € R".

Hence, we can write (LP) in the following form:
min ¢’ x
st. Ax=0>

x>0

We say that a given inter program (IP) is in standard form if the same properties hold
true, where b e 7™, A e Z™".



2.7 Theorem
For every linear program (LP) (respectively integer program (IP)), there is a linear
program (LP") (respectively integer program (IP")) in standard form with an equivalent

solution.

Proof & Algorithm:

In the case of a linear program (LP):

e |f we maximize the objective function value in (LP), we minimize it in (LP") and

use —c instead of ¢ as coefficient vector.

If x* was an optimal feasible solution of (LP), there is no x with ¢’x > c’x*.
This is equivalent to there is no x with —c’x < —c’x*

If we already minimize in (LP), take ¢ from (LP) without change.
e Take all equal-constraints from (LP) without change.

e For each less-or-equal-constraint j € {imax—+1, .., Jmax} , add a surplus variable x4,
with objective function coefficient 0 to (LP") and replace the original constraint
aj1*>gl+...+ajn*)g,, < bj by

ajg * Xj1 + ...+ ajp * Xjn + Xpij = bj

Add a sign-constraint for the new surplus variable: x,.; > 0.

Since they have coefficient 0, the value of x4, in an optimal solution of (LP")
will be exactly b, — A x* (which is non-negative since we had a less-or-equal-

constraint) where x* is an optimal solution of (LP).

e For each greater-or-equal-constraint k € {jmax+1, .., m}, add a slack variable x, «
with objective function coefficient 0 to (LP') and replace the original constraint
a1 * X1+ ...+ Akn X Xep = bk by

ak1 * Xk1 + ...+ Akn * Xkn — Xntk = bx

Add a sign-constraint for the new slack variable: x, x > 0.

With the same argumentation as above, these variables won't influence optimality.

e Take all sign-constraints from (LP) without change.



e Every variable x; which is not sign-constrained in (LP) (that means i ¢ S) is re-
placed by the variables x,-Jr and x;”. Every occurrence of x; in the objective function

and constraints is replace by x;" — x.

The new variables should both by sign-constrained: x.* > 0, x;” > 0

(LP") is feasible (respectively unbounded) if and only if (LP) was feasible (respectively

unbounded).

To get an feasible solution x of (LP) given a feasible solution y of (LP'), set x; = y;
forie€ Sand x, = y" —y~ for i ¢ S. If y was an optimal feasible solution, x will be
an optimal feasible solution. The components of y corresponding to surplus or slack

variables can be omitted.

If we replace (LP) by (IP) and (LP") by (IP"), we get a proof for the integer case, since
the coefficients of the new variables in the constraints are integer. [

2.8 Remark

Note that if (LP) is in standard form with ¢ > 0 component-wise, (LP) cannot be
unbounded since no feasible solution can produce a smaller objective function value
than 0. Therefore, (LP) has an optimal solution if and only if it has a feasible solution

at all.

2.9 Example
The integer program from example Is equivalent to the integer program
(IP) = mincx s.t. Ax = b, x > 0 in standard form with

c = (100, 80,0,0)7,

>

|
— O
= = O
o O =
o ~ O

b = (40, 40,50)"

we get by introducing slack variables x3, x4 to transform the less-or-equal-constraints to

equal-constraints.



Note that the initial solution v’ given in example D=3 corresponds to the feasible solution
v = (40,10,0,30)7 of (IP).

In the rest of this thesis, we will assume that (IP) is a feasible and not unbounded

integer program given in standard form.

In the following remarks, | will cite some results on the complexity of optimization
problems. This will show that there is currently no known good algorithm for solving
integer programs (in contrast to linear optimization, which can be solved efficiently).

2.10 Remark

Although the Simplex algorithm is commonly used for solving linear programs in prac-
tice, it may take up to (/) iterations to solve a linear program in standard form with
n variables and m constraints, since in the worst case, it iterates through all basis so-
lutions (vectors such that only m out of n components are nonzero). For an example,
see [KM72, pp. 159-175].

Karmarkar's algorithm can solve linear programs in a certain form in polynomial time,
see [Kar84, p. 373-395] and has thus a better worst-case-complexity, but since the
Simplex algorithm is better in the average case, it is not commonly used in practice.

2.11 Example
The following example shows, that rounding an optimal feasible solution of a linear
program with integer coefficients does not necessarily give an optimal or even feasible

solution of the corresponding integer program.
Consider the linear program (LP) in standard form given by the objective function

coefficient vector
c=(-1,-3,0,0)",

1610
A= :
(1 00 1)

b=(12,2)".

the constraint matrix

and the right-hand side vector

5

,2,0,0)" is an optimal

Using methods from optimization, we can check, that x(LP) = (2

feasible solution with objective function value ¢” x(tP) = —7.
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If we consider the integer program (IP) given by the same matrix and vectors, we can
easily see that that the vector x“? = (2,2,0,0)” we get by rounding x(-:") component-
wise is not feasible since 12 4+6*x24+ 10+ 0*0 = 14 # 12.

Note that the third and fourth variable of the (IP) are surplus variables as in the proof
of 4. The vector x9°"" = (2,1,4,0)7 we get by rounding the second component
of x(tP) down and assigning a suitable value to the first surplus variable is a feasible

solution with objective function value ¢’ x9°"" = —5.

The feasible solution x('”) = (0, 2,0,2)" has objective function value ¢’ x/?) = —6, so

x9°Wn is not optimal. (One could check that xU'") is in fact an optimal solution.)

2.12 Remark

Solving integer programs is a so-called NP-complete problem. (For further information
and a proof, see [Kar7?2, p. 95ff]). That is: if we had a computer, that could "guess" the
optimal solution (a non-deterministic Turing machine), we could verify its optimality in
polynomial time, but there is currently no known algorithm for solving any NP-complete

problem on a real computer (a deterministic Turing machine) in polynomial time.
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3 Monomial Orderings, Reduction and Grobner Bases

Before we can actually try to translate our problem into the language of multivariate
polynomials, we will have to introduce several notions and algorithms from computer

algebra, which we will need later for solving integer programs.

I will omit some proofs on details in this section, they can be found in any book or

lecture notes on computer algebra (for example [Bd]).

3.1 Notation
By
K[t] = K[t1, ..., t,] = { Z Co * t%] only finitely many ¢, # O}

aceN”

we define the polynomial ring over a field K in n > 0 independent variables.
If | is an ideal generated by fi, ..., f, in K[t], we write (fi, ..., f,) = C K[t].
We call a vector w € R" a weight vector and define forany f = > ¢, t*, f #0, f € K|[t]

deg,, (f) = max{w'alc, # 0}

the weighted degree with respect to w.

If we write just deg, we mean the weighted degree with respect to the weight vector
w=(1,1,...,1).

If we write deg,., we mean the weighted degree with respect to the ith unit vector e;.

In the following, we will always suppose, that K is any field of characteristic O.

If we try to generalize algorithms (like polynomial division with remainder) for the poly-
nomial ring in one variable to multivariate polynomials, we notice that these use the
notation of leading coefficient and leading monomial which are naturally defined for
K[t] but not for K[t] if n > 1.

Therefore, we define:

3.2 Definition: Monomial Ordering
> is called a monomial ordering on K|t] if > is a homogeneous relation on the mono-
mials of K[t], which fulfills the following properties:

e For monomials t* and tP exactly one of the following statements is true:
> P, t* < P, t* = tP (In particular: > is total.)



12

e > is transitive: If t* > t° and t° > t7, then t* > t”

e > respects multiplication:

If t* > P, then for any monomial t7 it holds: t* % t7 = t*T7 > th+Y = P x 7

Given a monomial ordering >, we can define the usual notions as follows.
Given any f =Y c,t®, f #0, f € K[t], we set:
a

LM () = max-{t*|ca # 0}
the leading monomial,
LC.(f) = c4 such that t* = LM(f)
the leading coefficient and
LT~ (f) = LC(f) = LT(f)
the leading term of f.

If > is clearly defined by the context, we omit the subscript.

3.3 Definition & Proposition
We say that a monomial ordering > is global if it fulfills any of the following equivalent

properties:

a) All variables are bigger than the constant monomial, i.e.
forallie{1,...n}: t; >1=10

b) All non-constant monomials are bigger than the constant monomial, i.e.
foralla e N", o #0: t* > 1.

c) > is compatible with divisibility, i.e.
if t*|t° (that is o > 3 component-wise) and a # 3, then t* > tP.

d) > is a well-ordering, i.e.

every non-empty set of monomials has a smallest element.
Proof of equivalency:

a) =>b)
Induction on k = deg(t%).
k = 1: By assumption.
k > 1: Choose i such that a; # 0. We have t*~¢ > 1 by induction, thus t* > t¢
by compatibility with multiplication. Since t% > 1, t* > 1 follows by transitivity.
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b) => c)
Suppose a > 3 component-wise and o # 3, set vy = a — G # 0. We have t7 > 1
by assumption, so by compatibility with multiplication, t* = t"** > t? follows.

c) =>d)
We can prove this by showing that there are only finitely many elements which
are minimal with respect to divisibility in every non-empty set of monomials. For

a detailed proof, see [Bd, p. 40f].

d) => a)
Set S = {t/|j € N} for any i € {1, ..., n}. By assumption, this set has a minimal
element t¥. Suppose this element would not be 1 = t°. Then we have tf < 1
(since 1 divides any t; and is not the smallest element) and thus by compatibility
with multiplication t2% < t. This is a contradiction to the choice of t as smallest

element. So for every variable,t’ = 1 is the smallest element in the set.
[

3.4 Example
The degree reverse lexicographical ordering >, defined by
t* >, 1P 16 deg(t®) > deg(£P)
or (degrees equal and rightmost non-zero entry of o — 3 is negative)

is a global monomial ordering.

3.5 Example

Suppose t;, < ... < t;, < 1 is an ordering of the variables of K[t] with {i, ..., i} =
{1,...,n}. Then the local reverse lexicographic ordering >, with respect to this
ordering defined by

t* > P e deg;, (t%) = degtik(tﬁ) for k=1,...,r — 1 and deg,, (t*) < deg, (t°)

is a local monomial ordering (that is: 1 > t; for all i € {1, ..., n}, in particular > is

not global).

3.6 Remark

Note that the monomials of K[t] (with the multiplication of polynomials) are isomorphic
to IN” (with component-wise addition) as semi-groups via the map t* — a.
Therefore, any monomial ordering > induces an ordering of vectors in IN” with the same
properties (if we replace the multiplication of monomials by the addition of vectors),

which we will also call >.

3.7 Example
Note that any vector w € R” gives a partial ordering on the monomials of K[t] by
setting t* >, tP & wlia > w'B.
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If we choose any monomial ordering > as tie-break, we get an induced monomial or-

dering >,:

>, P wa>sgw'B)or(wWa=w'gand t* > tP)

(The first two properties of a monomial ordering are induced by the orderings >y and
>. The compatibility with multiplication is given since > is compatible and if we multiply

both sides with some t7, their value increases by the constant w’+y.)

Note that if w > 0 component-wise, >, is global, even if we choose a non-global
tie-break (like >/5): w0 = 0 and for any non-constant monomial t* # 1, w’a has a

positve value.

If w > 0 component-wise, >,, is global if for all / with w; = 0, x; > 0 holds (where > is
the chosen tie-break). This is for example the case if the tie-break is a global ordering

(like >gp).

3.8 Definition
Let (IP) = mincx s.t. Ax = b, x > 0 be an integer program. We say that a monomial
ordering > is compatible to (IP) if t¥ > t¥ for all v,u € IN" with ¢"v > ¢’ u and
Av = Au=b.

3.9 Example
Let (IP) = mincx s.t. Ax = b, x > 0 be an integer program, then any monomial order-
ing >, induced by ¢ with an arbitrary monomial ordering as tie-break (as in example B1)

is compatible with (IP), since t >. t“ holds for all v, u € N" with c"v > ¢ u.

Note that this monomial ordering may not be global, as shown above.

With this knowledge, we can take the first step in translating our optimization problem

into an algebraic one:

3.10 Theorem
Let (IP) be an integer program in standard form and > a monomial ordering compatible
to (IP).

If the monomial t* € K|[t] is minimal with respect to > among those t¥ with Ay = b,
then x is an optimal feasible solution for (IP).

Proof:
Since (IP) is in standard form, all variables are sign-constrained. Therefore, we loose
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nothing by the restriction to monomials with exponent vectors y > 0 component-wise.

Suppose there is a feasible solution y with ¢’y < ¢”x, then t¥ < t* by the compatibility

of the monomial ordering, so t* was not minimal with respect to >. ]

Note that there may be several optimal feasible solutions with the same objective func-
tion value, but our monomial ordering will favor one of the corresponding monomials.
Since it is sufficient to find one arbitrary optimal feasible solution, the following theorem

makes sense.

3.11 Corollary
With the same setup as in theorem B10, we can reformulate our optimization problem
(IP) as

min {t*|Ax = b}.

xeN”
Using the notion of a monomial ordering, we can generalize polynomial division to

multivariate polynomials.

3.12 Algorithm: Reduced Buchberger Normal Form
Input:

f e Klt],

G finite set of non-zero polynomials in K[t],

> global monomial ordering.

Output:
redNF~ (f, G), the reduced Buchberger normal form of f with respect to G and >.

1r:=0
2 while f # 0 do

3 if LM(f) divisible by LM(g) for some g € G then
4 f::f—gg;*g

5 else

6 r:=r+LT(f)

7 f.=f—LT(f)

8 end

9 end

10 return r

Proof of termination:
LM(f) gets smaller in every step with respect to >, so the algorithm terminates after
finitely many steps, since > is global (see definition B3). ]
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3.13 Definition: Leading Ideal

For G C K[t] and a monomial ordering > define
L(G) = L-(G) = (LM(f) | f € G)

the leading ideal of G with respect to >.

3.14 Proposition
For f, G and > as in the input of algorithm B2, r = redNF (f, G) fulfills the following

properties:
a) If r #£0, then LM(r) € L(G).
b) r is tail-reduced: no term in tail(r) = r — LT(r) is in L(G).

Proof:

a)
Suppose r # 0, LM(r) € L(G). Since membership can be decided by division in
ideals generated by monomials and L(G) is generated by the leading monomials
of the g € G, LM(r) would be divisible by LM(g) for some g € G.
This is a contradiction, because in this situation, the term LM(r) of f would not
be put in the remainder, but canceled out in the algorithm.

b)
If some term would be in L(G), it would be divisible by some g € G. Then the

term of f would not by put into the remainder, but canceled out in the algorithm.

]

3.15 Example

For f =t; and G = {t;tr + t1, to}, we get (using >4, from example B4):

redNF(f, G) = t;.

Note that f = 1 % (t1tp + t1) + (—t1) * (t2), so we get a non-zero remainder altough
f € (G). This occurs since t; € L((G)) but t; € L(G).

3.16 Example

Consider the global monomial ordering >. induced by the vector ¢ = (100, 80,0,0)"
with >, as tie-break.

Let f =tV = t°t3°3° with v = (40, 10, 0,30)" from example 29 and

G ={tits — trtz}.

We get redNF(f, G) = t1°t5°t30.
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3.17 Definition: Grobner Basis
Let / C K|[t] be an ideal and > a global monomial ordering.
We call a finite set G C /| Grébner basis of | (with respect to >) if L(G) = L(/).

We call a Grobner basis G minimal if there are no two elements f # g in G such that
LT(f) divides LT (g).

We call a minimal Grobner basis G reduced, if for all g € G:
e [C(g9)=1and
e no term of tail(g) =g — LT (g) is in L(G).

3.18 Theorem
Let /| C K|[t] be an ideal and > a global monomial ordering. Then there exists a reduced

Grobner basis for | with respect to >.

Proof:

L(I) is a monomial ideal in K[t] and thus has finitely many monomial generators since
K|[t] is noetherian (by Hilbert's Basis Theorem and results on monomial ideals, see [Bd,
p. 31f resp. p. 41] ). By definition of L(/), there are polynomials g € /, such that these
generators are their leading monomials. These g form a Grobner basis G of /.

If the leading monomial of g € G divides the leading monomial of some f € G, we have
(LM(f)) € (LM(g)), so we can remove f from G without changing the leading ideal.

If we remove all such elements, we get a minimal Grobner basis.

We normalize every g by dividing by LC(g). If we replace every g by redNF(g, G\{g}),
one gets a reduced Grobner basis, since the reduced Buchberger normal form is tail-
reduced with respect to G\{g} (and that no term of tail(g) is divisible by LM(g) is

clear since > is a global monomial ordering and thus compatible with divisibility). [

3.19 Remark

One can show that the reduced Grobner basis of some ideal /| C K|[t] is uniquely
determined by / and >, see [B3, p. 55]. Therefore, it is correct to speak of "the"
reduced Grobner basis of / with respect to >.

3.20 Remark
Note that a Grobner basis G of an ideal | C K|t] is always a set of generators, that is

(G) =1, as proven in [Bd, p. 49]
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3.21 Definition
Given monomials t%, t? € K][t], we may define v € IN” by «; = max{a;, B;} and call
lcm(t%, tP) = t” the least common multiple of t* and t°.

We call t* and t° coprime if lcm(t, tP) = t* % tP

3.22 Algorithm: Buchberger
Input:
I ={g1, ..., gx) C K[t] ideal,
> global monomial ordering.
Output:
G Grobner basis of | with respect to >.

1 G={g1 ..., 9}

2 repeat

3 H:=G

4 forall f,g € H do

5 spoly(f, g) := |cm(uv|L(Tf()f,)LM(g))f _ Icm(Ll\ﬁ_(rf()g,I)_l\/I(g))g
6 r := redNF(spoly(f, g), H)
7 if r # 0 then

8 ‘ G =GU{r}

9 end

10 end

11 until G = H,;

12 return G

Proof of termination:
Suppose we add some r # 0 to G during the algorithm. By the properties of the normal
form from proposition B4, we have LM(r) ¢ L(H), hence L(H) & L(HU{r}).

That means every time we add an element to G, we increase its leading ideal. This gives
an ascending chain of ideals, which has to stop since K|[t] is noetherian. Therefore, the

algorithm terminates after finitely many steps. []

Proof of correctness:
One may show, that (G) = / and redNF(spoly(f,g),G) = 0 for all f,g € G is an

equivalent condition for being a Grébner basis. For a proof, see [Bd, p. 148f]. ]

3.23 Example

Suppose | = (f) C K]|t] is a principal ideal. Then G = {%(f)} is a reduced Grobner
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basis of / with respect to any global monomial ordering by definition.
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4 A generic Algorithm for solving Integer Programs

In this section, we will associate an ideal to the constraint matrix and then show that
this ideal (respectively its reduced Grobner basis) has nice properties, which allow us to

reduce any feasible solution of an integer program to an optimal one.

Since this ideal is spanned by binomials, we will at first look at such polynomials.

4.1 Definition

Suppose x € Z", then we define x* and x~ € IN” by
0 x5 <0,

xi x>0,

respectively

=X X% <0,

' 0 x> 0.

4.2 Definition: Pure and Primitive Binomials
Suppose f € K|[t]. We call f a binomial if it is of the form f = at" + bt" for some
a,be K, u,velN"

We call f a pure binomial if f is a binomial and a=1,b= —1, thatis: f = t" —t".

We call f a primitive binomial if f is a pure binomial and t“ and t" are coprime.
As the following lemma shows, definition E2 and B define indeed the same thing.
4.3 Lemma

a) For any x € Z", x* and x~ are the unique vectors in IN" with x = x* — x~ and
xxx~ =0forallie{1,..,n}

b) f € K[t] is a primitve binomial if and only if there is an x € Z" with f = t*" —t*" .

Proof:

a)
By definition, it is clear that x™ and x~ have the desired properties.
Suppose u, v would have these properties, too. Then for each component, x; =
u; — v; and at least one of them is zero. It follows that u; = x; = ><,+ if x; > 0 and

vi = —x; = x; iIf x; <0 and the other one is zero.

b) II:>II
Suppose f =t — t" is a primitive binomial. Set x = u — v. Since t“ and t"
are coprime, u; x v; = 0 for all i € {1, ..., n}. Using a), we get that u = x™

and v = x~.
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||<:”
Suppose that f = t¥" — . Since x" *x~ =0 forall i € {1,...,n}, £ and

t* are coprime. Thus, f is a primitive binomial.
]

The following proposition will show, that at least pure binomials behave well with respect
to the algorithms introduced in the Ehird secfiond.

4.4 Proposition
Let f € K[t], G C K|t] a finite set, > a global monomial ordering.

a) If f =t*is a monomial and G is a finite set of pure binomials, then redNF(f, G)

is a monomial.

b) If f = t“ — tY is a pure binomial and G is a finite set of pure binomials, then
redNF(f, G) is a pure binomial.

c) If G is a finite set of pure binomials, then (G) has a (minimal / reduced) Grobner

basis consisting of pure binomials.

Proof:

Suppose f = t¥, g = tY —t" and we are in the if-case of algorithm BI2. Suppose

LT(g) = t“ divides f. Then the next step will set

LT(f)
T(g) * 9

:tx_f_j(zu_zv)
X EX_U * (zu _zv)
X _ px—utu + pX—utv

newf =f —

Il
I+ e+ |

X—U+v

I
~

With the same argument, we get for LT(g) = —t" dividing f, that new f = t*~v*t¥,
Thus, we replace the monomial f in each if-step by another monomial. As soon

as the else-step occurs, the algorithm will terminate with a monomial as output
since LT(f) =f.

b)
Suppose f =t* —t¥, g =t — t¥ and we are in the if-case of algorithm B12.
Case LT(f) =t*,LT(g) = t“
_ LT(f)
newf = f — (o) * g
:zx_zy_%(zu_zv)
:zx _Iy _LX_U* (zu _Iv)
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— X Y pxoutu g pxeuty
x—utv _ B

Analogously:

Case LT(f) = t*,LT(g9) = —t“: new f = tX V' — v,

Case LT(f) = —t¥,LT(g) = t“: newf = t* — ty—4tv,

Case LT(f) = —t¥,LT(g) = —t": new f = t¥ — tytu-v,

So as long as we stay in the if-step, we will always get pure binomials. When we

enter the else-step for the first time (after having subtracted some monomial),

we continue with a monomial which means we are in the case of a). (By replacing

t* by —t* in the proof of a), we see that even if we start with a signed monomial,

the algorithm preserves this sign). By adding these two monomials up, we see

that redNF(f, G) is a pure binomial.

c)
Suppose f = t¥ —t¥, g = t" — t¥. We compute spoly(f, g) as in algorithm B22.
In the case LT(f) = t*,LT(g) = t“, we get
lem(LM(f),LM lem(LM(f),LM

spoly(f, g) = EmLMIDLM)  _ lem(L(1).LM(@)
_ lem(zx.t) lem(t*,£)
== -)-—7—"-1)
= lem(t*, ) — L) ey jem(EX, ¢v) + D ¢
_ lem(z*,t%) lem(¥,£") B
— I Ev - I Ly
which is a pure binomial.
Analogously, we see that we get a pure binomial in the other cases too, since the
parts corresponding to the lead terms of each binomial cancel out.
With the statement from b), we get that if we start with a set of pure binomi-
als, we get a Grobner basis consisting of pure binomials by applying algorithm B=22.
If we omit elements to minimize the Grobner basis as in the proof of thereom B13,
this stays true, so we can also get a minimal Grobner basis consisting of such bi-
nomials.
By normalizing, we may switch the signs of the terms, but the binomials stay in
the required form. We already know from b) that applying the reduction-algorithm
will give us pure binomials, so we also have a reduced Grobner basis consisting of
such binomials.

[

4.5 Example

For f =t — t3 and G = {t — t»}, we get (using >4, from example B4):
redNF(f, G) = tyt, — t3.
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So even if we start with primitive binomials, the algorithms may not preserve the co-

primeness. We will get pure binomials, but there are cases in which they are not primitive.

We will see, that our further progress on the way to represent the optimization problem
as an algebraic one will give us an example for an ideal generated by primitive binomials

where the reduced Grobner basis consists of primitive binomials, too.

4.6 Definition: Lattice

A Z-Module is called lattice if it is free and finitely generated (that means, it has a
finite basis).

We call such a finite basis a lattice basis for the lattice.

4.7 Example

Suppose A € Z"™" is a matrix with integer entries. Then
Ker(A) = {x € Z"|Ax =0} C Z"

is a Z-submodule of Z" (Proof as for Ker(A) C K" subvectorspace).

Since Z" is noetherian (see [Mar, p. 59]), Ker(A) is finitely generated. As a finitely
generated torsion-free module over the principal ideal domain Z, it is free (see [Bg, p.
103]). Therefore, Ker(A) is a lattice.

4.8 Remark

Every lattice has a finite basis by definition, but on our way to compute an optimal
solution for integer optimization problems, we will need a way to compute it.

This task can be done in polynomial time using the LLL algorithm, see [[T182, p.
515-534].

4.9 Definition: Toric Ideal associated to A
Suppose A € Z™" is a matrix with integer entries. Then we define the ideal /4 by

la= (" = £ |x € Ker(A)) C KI[t]

and call it the toric ideal associated to A.

As we can see, the ideal is generated by (in general) infinitely many primitive binomials.

Note that it is not immediately clear how to compute /4, but we are able to compute
Iy = (£ =7 Ix € U) C K[1]

where U C Z" is a lattice basis for Ker(A) (which we may compute using the LLL
algorithm from the remark above).
Since those ideals may differ and we really need /4 for the final algorithm, we will study

later how to compute /4 from /4.



24

4.10 Example
Let A=1, € Z™" be the unit matrix of rank n.
Obviously, Ker(A) =0, so /4 = (t° — t% = (0).

4.11 Example
One can check using the LLL algorithm that the kernel of the constraint matrix A of

the integer program in standard form from example 29 is spanned by the vector
x=(1,-1,-1,1)".
Therefor, we can compute at least

IAO — <IX+ _ £X7> — <£(1,O,0,1)T _ E(Oyl,l,O)T> — <tlt4 _ t2t3>

As the following lemma shows, /4 arises in a natural way if we want to translate the

kernel of an integer matrix into algebraic terms.

4.12 Lemma
Let Aec Z™" x 27"

a) Define
¢:K[t] = Klsi,si o sm st

ti — s

as the K-algebra homomorphism which sends the /" Variable t; to s?, where a;
is the it column of A.
Then: 1, = Ker(¢)

b) x € Ker(A) & t¥" — t° € I,

Proof:
a) IICII
Let x € Ker(A), then
0=2.%a =2 X"~ 2% 50 2 x"a = 3 X a.
J=1 Jj=1 Jj=1 Jj=1 Jj=1
; - St Y
Thus: ¢(t* —t° ) =95 — gt =0

Since /4 is generated by all t*" —t* where x € Ker(A), 14 C Ker(¢) follows.
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non
Suppose Ker(¢)\/a is nonempty. Choose any global monomial ordering >
and choose f € Ker(¢)\/a with LT(f) = LM(f) = t* minimal with respect
to > for some x € Z", x # 0. (This is possible since for any
g € Ker(¢)\/a, %@ € Ker(¢)\/a, too.)
Since ¢ sends monomials to monomials and K-linear combinations of differ-
ent monomials are never zero, it follows from ¢(f) = 0 that there is another
monomial t¥ in tail(f) with ¢(t*) = ¢(t").
In particular we have : ' = f — t* — t¥ € Ker(¢) (since the images of the
monomials cancel each other out) and t* — t" € Ker(¢) (since Ker(¢) is an
ideal).
f:xjaj f: vjaj m m
We know ¢(t* —t¥) =s= —g= =0, thus > xja; = > v;a;, SO X — V
j=1 j=1
is in Ker(A), t* —t“ € I (Compare with "C").
Since f & 5 and t¥ — t¥ € I4, their difference ' & I4. We have LM(f") <
LM(f) (since we canceled out the original leading monomial), which is a
contradiction to the choice of f.
b) ||:>Il
Follows directly from the definition of /4.
II<:|| i i
+ - .. + - .EXjJraf 20X 3
Suppose t* — t* isin l4, then ¢(t* —t* ) = 5! — 5=t =0, thus

m m
Yo xap =0 x7aj, 50 xt —x~ = x is in Ker(A).
Jj=1 Jj=
O

In the following part, we want to show the correspondence between /4 and the solution
of the optimization problem. As you may have noted, the definition of /4 does not use
the right-hand side b of the equation Ax = b, which is defining the space of feasible
solutions of an integer program.

Indeed, we can generalize our problem to solving families of linear programs where b is

variable.

4.13 Definition: Test Set
Suppose A€ Z™" c € R2,. Then

IPac={IPasc(b)|lbeZ™ = {minc"xst. Ax=>b,x>0|beZm
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is the family of linear programs given by A and c.

Let >, be a global monomial ordering with t* > t¥ for x, y with ¢"x > c"y (which

then also induces an ordering >, of the vectors in IN” as in remark B8).

We call a finite set X C {x € Z"|Ax = 0,x" >. x~} a test set for /P4 if it fulfills the

following properties:

e Suppose Vv is a feasible solution for some /Py -(b), but not the solution such that
its corresponding monomial is minimal with respect to >, among the feasible ones
(see theorem BTIQ and corollary BI). Then there is an x € X such that v —x is

also a feasible solution of /P4 (b).

e Suppose v* is the feasible solution of some /P4 (b) such that its corresponding
monomial is minimal among the feasible ones (in particular: v* is an optimal
feasible solution). Then there is no x € X such that v* — x is a feasible solution
of 1P(b).

As the name suggests, we can indeed check optimality using test sets: for a feasible
solution v, there is either no x € X with v — x feasible (thus: v is optimal), or there is

such an x and we can replace v by v — x and iterate.

In the next step, we want to show that the toric ideal /4 associated to the constraint
matrix of an integer program gives us a test set. Therefore, we need the following
statement, which we will prove later in the next section, where we will show how to

compute /4.

4.14 Assumption
Let A€ Z"™", > any global monomial ordering. Then the reduced Grobner basis of /4

with respect to > consists of primitive binomials.

4.15 Theorem

Suppose A € Z™" ¢ € R", >, a global monomial ordering with c'a > ¢’ =
t* >, tP (in particular: ¢ > 0 component-wise, compare with example B7). Suppose
G={t5" —t5|ie{l, .. k}}is the reduced Grobner basis of /4 with respect to >..

Then the exponent vectors X = {x;|i € {1, ..., k}} form a test set for /P4 .

Proof:
Under the assumption E14, the reduced Grobner basis of /4 is indeed in the given form,
as we have shown in E3.
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A Grobner basis is a finite set by definition, therefore X too.
We have shown in lemma B—T2 that the x € X are in Ker(A), so Ax = 0 is fulfilled.
We have Ll\/I(;Xf+ —tN) = 5, since the elements of the reduced Grébner basis are

monic. Hence, x;" >¢ x..

e Suppose v is a feasible solution for some /P4 (b), but not the exponent vector
of the solution described in BT
Suppose v* is this optimal solution of /P4 .(b).
By A(v —v*) = Av — Av* = b— b =0, we see that y = (v — v*) € Ker(A), so
with BT2, we have £/ — t¥ € /,.

Since v* <. v, we have LT(¢" -tV ) =t".

Since L(G) spans the leading ideal of /4, there is an x in X such that LT(t¥" —
) =t divides LT(t"" — ¢V ) =", that is xT < y* component-wise.

We get x™ <yt = (v —v*)" <v™ =vsince v, v* > 0 as feasible solutions, so
v—x=(v—xT)+x" >0.

Since Av = b and Ax = 0 (since x € Ker(A)), we have A(v —x) = b, so (v — x)

is a feasible solution.

e Suppose v* is the optimal solution for some /P4 (b) described by corollary BT
Suppose there is an x € X, such that (v* — x) is feasible. Since x™ >, x~, we
have x = xT — x~ >, 0 respectively 0 >. —x. v* >, v* — x follows, but this is a
contradiction to the choice of v*.

4.16 Theorem
In the same setting as in theorem 13 and for v any feasible solution for some /P4 (b),

the exponent vector v* of redNF(t¥, G) = t“" is an optimal solution for /P4 .(b).

Proof:

We have shown in proposition 4, that redNF(t", G) is indeed a monomial. We saw in
the proof, that reducing t" by t* — t* (when the leading term is t*", which is true for
x € X, since X is a test set) gives t“ " = V=" Since A(v — (xT — x7)) =
A(v—x) =Av—Ax = b—0 = b and we get redNF(t", G) by iterating such reductions,

the exponent vector of redNF(t¥, G) is a feasible solution.

Suppose the exponent vector v* of redNF(t¥, G) would not be optimal. Since X is
a test set, we would have some x € X such that v* — x is feasible. In particular

v* — xt > 0 component-wise (since we assume that the Grobner basis consists of
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primitive binomials). It follows that LT(t*" — t* ) = t*" would divide t*", but then by
the properties of redNF from proposition BI4, t"" could not be the reduced normal
form of t". []

This proves the correctness of the following algorithm in situations where the assump-
tion BT4 holds.

4.17 Algorithm: Generic algorithm for solving IPs
Input:
Ac men’
c € R,
>, a global monomial ordering with ca > ¢8 = t* >, t7,

v a feasible solution of (IP) = mincx s.t. Ax = b,x > 0.

Output:
v* an optimal solution of (IP).

1 Compute a reduced Grobner basis G of /4 with respect to >,
2 Compute t"" = redNF(t", G)

3 return v*
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5 Computing /4 - The Algorithm of Hosten and

Sturmfels

In the previous section, we have seen that we can solve our optimization problem as

soon as we have a Grobner basis of the toric ideal /4 associated to the constraint matrix.

Therefore, we will study how we can compute /4 as a saturation of the ideal /5, gener-

ated by the binomials induced by the vectors in a lattice basis of the kernel.

We start defining saturations and their properties in general.

5.1 Definition: Ideal Quotient, Saturation
Suppose I, J C K|t] are ideals. Then we define

I:J={feK[t]| fJCI}
the ideal quotient of | and J and
[:J*={feK[t]|IneN:fJ"CI}
the saturation of | and J.

We say that / is saturated with respect to Jif [ : J=1.

If J = (g) is principal, we may write | : g (respectively | : g*) instead of | : J
(respectively [ : J>).

5.2 Lemma
Suppose I, K, J, J' C K|[t] are ideals.

a) /:Jis an ideal of K[t].

by IC/:J

c) (I:J):K=1:(JK)

d) f KC I, thenK:JC/[:J

e) If S CJ then/:JC/:J Inparticular: [ :JC[:J" forany n€ N, n> 0.
f) a) - d) hold true for saturations as well.

g) Suppose g € K|[t]. If there is an f € K|[t] such that fg—1 € /, then / is saturated
with respect to g (thatis: [ : g =1).
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Proof:

a) 0el:J, sol:Jisnonempty. If fJ C [,gJ C I, then (f 4+ g)J C /| as well. If
fJC I and re KI[t], then (rf)J = r(fJ) C I since | is an ideal.

b) /J C I since | is an ideal.

c) Suppose f € (I :J)  KefKe(l:))efKlel s fel: (JK)

d) Suppose f € K: J, thatisfJC K C/l,sofel:J.

e) Suppose f € | : J, then fJC I, butsince J/C J, fJ Claswell,sofel:J.

f)
I=1:0C/l:JCI:PCl:PC..

is a chain of ideals in K[t]. Since K[t] is noetherian, this chain will get stationary
at some position, say at / : JX. Therefore, it holds / : J® = [ : JX. That means
we can write a saturation as ideal quotient and we know that a) - d) hold for ideal

quotients.

In addition, this shows that our definition of being saturated makes sense: if

= [ : J, then by induction also

[2J®=1:J=:)): =1 J1= =1

g) Suppose h € (I : g), that is hg € I. WE have fhg € | since | is an ideal and
fg — 1 in | by assumption. It follows that h = fgh — (fg — 1)h € I, so we get
l:g=1.

5.3 Lemma
Suppose A € Z™" is a matrix with integer entries and /4 is the toric ideal associated
to A. Then:

a) Iais a prime ideal.
b) /4 is saturated with respect to t; for all i € {1, ..., n}.
Proof:
a)

An ideal | C K[t] is an prime ideal if and only if its quotient ring K[t]// is an integral

domain.
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We have shown in the first statement of BT that /4, = Ker(¢) for the ring-homomorphism
¢ : K[t] = Kls1, 5%, ..., Sm, s52], ti — s%. Using the homomorphy theorem for rings,
K[t]/! = K][t]/ Ker(¢) is isomorphic to a subring R of K[s;,s; !, ..., Sm, s,1], which is
not the ring {0}, since p(1) =1€ R

We can show using induction:

Klsi, syt oo Ssm st

~ Kls;, st o Sme1, Sptqllsm. s 1]

>~ Kls;, st ... Smo1, S0 ][, b]/{ab — 1)

is an integral domain since K[s1, s; %, ..., Sm_1, 5,,",] is an integral domain (by induction)

and (ab — 1) is a prime ideal (generated by an irreducible element).

Therefore, its subrings (but {0}) must be integral domains, too, so /4 is prime.
b)

Since ¢(t;) = s* # 0 for some a € Z", t; is not in [4 for any i € {1, ..., n}. Since /4 is
prime, it follows from t;f € I, for some f € K|[t] that f € /4. By the definition of the

ideal quotient, | = [ : t; follows.
[]

5.4 Theorem
Suppose A € Z"™" is a matrix with integer entries and U = {uy, ..., u,} is a lattice basis
for Ker(A).

Ia= (£ — £ |x € Ker(A))

Iy = (£ = |x € U)

Then:
In=lay 1 t° =lay  (trxtax ... xt) = (.(([a 1 t7°) 1 t5°)...) 1 t°

Proof:

All equalities but the first one are clear by definition respectively the by lemma BZ2.

Note that /4, C /4 by definition, so using lemma B2, we get the "2D"-direction of the
first equality.

It remains to show the "C"-direction of the first equality. Let f be a generator of /4,
that is: there is an x € Ker(A) with f = " — .

,
Since U was a lattice basis of Ker(A), we may write x = > zcuy for some z, € Z.
k=1
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We may write

-1
Ex*—X* -1
Zr: Zk Uk
= th=1 _
B té (zkuk) T —(zkui)~
IT e
— kfl _ 1
[T G

x
Il
—

as an expression in the ring of Laurent-polynomials K{t1, tl_l, ..., ta, t1], where negative

exponents are allowed.

Define g = t(&") x . x t(#4)" 35 the denominator in the equation above, a monomial
in K[t].

If we multiply the above equation with gt* , we get the following equation in K[t]:
gt* (£ —1)
=gt (7 —1)

Il
|~
%
/N
—~
|~
PN
N
S
z
7
|
=
=~
|~
B
N
=
h
~

On the other hand, we get:
gt (t*—1)

=gt (77 —1)

=gt P =)

=gt — 1)
= gf.
If we could show d = [ t&“)" — T t&%)™ € I,, (and thus t¥ * d € I4,, too), we

k=1 k=1
would have gf € /4,, and thus f € /4, : >, since g is a monomial.

Define

J

J
dj — H t(ZkUk)+ _
k=1

for j € {1,...,r}. Show d; € I, for all j by induction, then d = d, € /4, follows.

+(Zku)™
1
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j=1
dy = tan)" — )" |f 20 =0, then dy = 0 € /4, SO suppose z; # 0.

1 .z > 0,
Setak:{ K

-1 V2 < 0.
We have
+ _
Zilu, ok =1,
(ZkUk)+ — | k| li k
\zi|lue ok =—1,
and
Zilu, o0, =1,
(ZkUk)_ — ‘ k’ k k
\zlut o = —1.
Therefore

d, = t-(thll)+ _ t(21U1)7
— gl(t|zl‘u1 _ t‘21|U1

= U1((t” )lz1| (" )‘le) and by multiplying out

= (1 — ) ( ey - (24) 7).

s=0

Since (f’l+ — t") € I, and /4, is an ideal, the whole product d; € /4.

1> 1L

Suppose dj_1 € I, by induction and z; # 0 (since otherwise d; = dj_1 € la,).

—.

dj — H +(Zeu)™ H t (zkuk)~

k=1

= <i—1 E(zkukﬁ) (t(z,um) _ kH @)™ and by adding 0 in a nice way
=1 -
— <11:[1 E(Zkum) (z(zﬂw e ) ﬁ () 4 <11:[1 £(Zkum) (E(Zf”f)7>
k=t k=1 k=1
= <JHl z(zkuk)-*') (z(zfuj-ﬁ tzu) (J zwﬁ‘)(t(z,uj > (JHl Zkum)( (Zjuj)_>
k=1 Patet H
= <J1:[1 z(Zku;(H) (z(zjuj)+ t(ZJuJ ) ( 1:[1 (zreu)™ _ fl:[ E(zkuk)*)< +Hzu) )
k=l k=1 k=1
<J1—[1 Hzku)* )( tZu)* (zjuj ) +d < )™ )

The first summand is in /4,, since we may show t(&%)" — t(54W" ¢ |, with the same
arguments as in the case j = 1.

The second summand is in /4, since it is a multiple of d;_; and dj_1 € /4, by induction.
Therefore, the d; € 14, for all j € {1,...,r} and thus f € [, : t=. Since f was chosen

as an arbitrary generator, /4 C /4, : £ follows. ]

With this knowledge, we are able to compute /4.
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For example, we know from the proof of lemma BZ2 that we can write /4 as ideal quo-
tient 14 = I4, : tk for some k € IN, so we could apply methods from computer algebra
to compute this ideal quotient (see [Bd, p. 78]).

However, we can find much more efficient methods for our special situation. Depending
on several properties of the integer program, there are different algorithms to compute

the saturation, which are presented in Christine Theiss' diploma thesis [TThe99)].

In the rest of this section, we will show how to compute the saturation in a certain
simple situation where the ideal is homogeneous, using an algorithm given by Serkan
Hosten and Bernd Sturmfels in [HS95].

5.5 Definition: Homogeneous
We call a polynomial f € K|[t] homogeneous with respect to some weight vector

w € R" if all terms of f have the same degree deg,, (f).

We call an ideal / C K[t] homogeneous with respect to some weight vector w € R" if

we can write | = (H) for some set H C K|t] of homogeneous polynomials.

Next, | will show some properties of homogeneous ideals, especially that they behave

well with respect to the algorithms introduced in the third section.

5.6 Lemma
An ideal | C K[t] is homogeneous (with respect to some weight vector w € R") if and

only if for every f € [, its homogeneous components lie in /.
Proof:

M1
k

Suppose H is a set of homogeneous generators of /. We may write f = > a;h; for
i=1

some h; € H, a; € K[t] where a;h; € . If we split a; into its homogeneous compo-

nents a; (J € {1,...,/}), we have a;;h; € I. Since the homogeneous components

of f are sums of the a;;h; with the same degree, these are in /, too.

l|<:l|
Suppose for every f € | its homogeneous components are in /. Then

H = {h|h is a homogeneous component of some f € [}

is a set of homogeneous generators of /, so / is homogeneous.
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5.7 Proposition

Let > be a global monomial ordering and w € R" a weight vector.

a) Suppose f and all elements of G = {g1, ..., 94} C K][t] are homogeneous (with

b)

<)

respect to w). Then redNF(f, G) is homogeneous, too.
Suppose f and g € K|[t] are homogeneous, then spoly(f, g) is homogeneous.

Suppose | C K][t] is a homogeneous ideal, then its reduced Grobner basis consists

of homogeneous elements.

Proof:

a)

b)

Applying algorithm B2 gives us a representation

k
f = Z ai9g;; +r
i=1

LT(f)

o) = redNF(f, G) and k is the number of times

where j; € {1,...,q}, a; =

the if-step occurs.

Suppose f is homogeneous of degree a € R and g; is homogeneous of degree

bi € R. Then a;*gj is homogeneous of degree a = (a—bj,)+b; forall i € {1, ..., q}.
K

Since we may write r = f — ) a;g; and all summands occuring on the right hand
i=1
side are homogeneous of the same degree a, r = redNF(f, G) is also homogeneous

of this degree.

Suppose deg,, (f) = a € R is the degree of f (and all its terms, since it is

homogeneous), deg, (g) = b € R, deg, (lcm(LM(f),LM(g))) = ¢ € R. Then

both parts of spoly(f, g) := 'Cm(L'\ﬂ(Tf(),;)LM(g))f - 'Cm(L'\ﬂ(Tf()_C})LM(g))g are homogeneous

of degree c=(c—a)+a=(c—b)+b.

Suppose [ is a homogeneous ideal. Since K|[t] is noetherian, we may find a finite
set of generators G with | = (G). Similar to the proof of lemma Bf, we may get

a finite set of homogeneous generators H by defining
H = {h|h is a homogeneous component of some g € G}

Using this set as starting set for the Buchberger algorithm B22, we know from

a) and b) that we get a Grobner basis consisting of homogeneous elements.
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If we use the procedure from the proof of theorem BI8, we see with a) that the

reduced Grobner basis of / consists of homogeneous elements.

5.8 Lemma
Let w be a weight vector such that /| C KJt] is a homogeneous ideal and g is a
homogeneous element. Then / : g and / : g°° are homogeneous ideals, too.

Proof:

Suppose f € | : g, thatis fg € /. Since | is homogeneous, all homogeneous components
of fg liein | (see lemma BB). Since g is homogeneous, the homogeneous components
of fg are exactly the homogeneous components of f multiplied with g.

It follows that the homogeneous components of f liein / : g, so / : g is a homogeneous
ideal. Since [ : g™ = | : g¥ for some k € IN (as in the proof of lemma BE2) and g*
Is @ homogeneous element, / : g is homogeneous with respect to the same weight

vector. O]

The following theorem shows, that we can indeed compute the saturation in a nice way

if /4, 1s homogeneous.

5.9 Theorem
Suppose | C K|[t] is an ideal which is homogeneous with respect to some positive weight
vector w € RZ,. Let / € {1, ..., n} be arbitrary. Let >/5 be the local reverse lexicograpical
ordering with respect to the variable ordering t; < t; < ... <t 1 < tiy1 < ... < t, <1
(see example BH).
Let >, be the global monomial ordering which is induced by w with >, as tie-break
(see example B1).
Let G be the reduced Grobner basis of / with respect to >, .
Then the set

G ={geK[t]|titg.IkeN: tige G}

which is obtained by dividing all elements of G by the highest possible power of t; is a
Grobner basis of [ : t> with respect to >,,.

Proof:
Suppose g € G, then there is a k € N with gt* € G C /, so G’ is indeed a finite subset
of [t and L(G") C L(I:t>).
We still have to show:
L(/:t>®) CL(G)
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So suppose f € | : t°, so there is some k € N with ftf € /.

Since G is a Grobner basis of /, there is some g € G such that LM(g) divides LM(ftF) =
LM(F) * tk.

Since G is the reduced Grobner basis of /, g is homogeneous with respect to w (as
shown in lemma B38). Therefore, LM<, (g9) = LMs _(g), so by the definiton of > the
leading monomial of g is a monomial such that t; occurs with a minimal power, say
g € N.

By the definiton of G', & € G’ and LM(%) = 449 divides LM(ft}) = LM(f) * tf.

By the choice of g, LM(:%) does not contain a power of t;, so we have LM(J%) divides
LM(F).

It follows LM(f) € L(G"), so G’ is indeed a Grobner basis of / : /. n

The theorem above allows us to show the assumption EI4 needed for the correctness
of the general algorithm, if the ideal is homogeneous.

5.10 Theorem

Let A€ Z™", > any global monomial ordering.
Suppose /4, iIs homogeneous with respect to some positive weight vector w € RZ,.

Then the reduced Grobner basis of /4 with respect to > consists of primitive binomials.

Proof:
Let >/s; be the local reverse lexicograpical ordering from example B3 with respect to
the variable ordering t; < t; < ... < ti.y < tiy1 < ... < t, < 1. Let be >, ; the

monomial ordering induced by w with > ; as tie-break.

la, Is by definition generated by finitely many primitive binomials, so we can apply the
Buchberger-algorithm to these generators to get a reduced Grobner basis with respect
to >,,.1 consisting of pure binomials according to proposition BE-4.

Using theorem B9, we get again a Grobner basis of / : t{° with respect to >,,; con-
sisting of pure binomials since we only divide both monomials in each generator by a

power of ti.

We can apply the Buchberger algorithm (and reduction) again to compute a reduced

Grobner basis of / : t7° with respect to >, », which consists again of pure binomials.
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Since [ : t7° is homogeneous again, we may iterate this process to get a Grobner basis
of /4 with respect to >, , consisting of finitely many pure binomials. We can use these
generators to compute a reduced Grobner basis G of /4 with respect to > consisting of

pure binomials.

Suppose the non-primitive binomial f = t*t¥ — t*t" € I (where x # 0 and t* and t"
are coprime), then the primitive binomial f' = tix Elp:tXClp:t>® =4

By the definition of a Grobner basis, there is aielement g € G such that LT(g) divides
LT(f") and thus divides LT(f) strictly, that is (LT(f)) € (LT(g)). Since a reduced

Grobner basis is minimal, f ¢ G.

This holds true for all non-primitive binomials, so G consists only of primitive ones. [

Before we state the final algorithm, we want to see how we can express the condition

of /4 being homogeneous as a property of the integer program.

5.11 Proposition
Suppose A € Z™" . The following statements are equivalent:

a) There is a positive weight vector w € RZ, such that /4, is homogeneous with

respect to w.

b) There is a positive weight vector gw € RZ, such that /4 is homogeneous with

respect to w.

c) There is a vector w € RZ, in the row-space of A (the R vector space V C R”

spanned by the rows of A), which has only positive components.

Proof:

Note that the row-space of a matrix is the orthogonal complement of its kernel, so
we have that w is in the row-space of A if and only if w'x = 0 for all x € Ker(A),
see [Str03, p. 187].

We show b) < ¢):

c) =>b)
Suppose w € R" is a vector in the row-space of A with w > 0 component-wise
and x € Ker(A). Then: 0 = w’/x = w'(xT — x7). Hence w'x™ = wix". It
follows, that deg,, (t*) = deg,, (t* ), so the generators of /4 are homogeneous

with respect to w; /4 I1s a homogeneous ideal.
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b) => ¢)
We show that no monomial is contained in /4 and use the lemma about homoge-
neous ideals to show that the weight vector is in the row-space.

Look at /g, the toric ideal associated to the zero-matrix 0.

Note that the unit vectors span Ker(0), so we may set
[:=loy,=(t;—1li € {1,...,n})

Since tjx1—1 € [, | is saturated with respect to every variable (see lemma BE2),
so by theorem B4, | = I.

Since we have shown, that /g is a prime ideal and a prime ideal is a strict subset
of K[t], 1 & 1.

Suppose some monomial t* € /. Then1 € [ :t* C [ :t* =/ by lemma B33.

Hence, no monomial is contained in /.

Since Ker(A) C Ker(0), we also have /4 C g, so there is no monomial in /4.

Suppose w defines a positive weight vector such that /4 is homogeneous with
respect to w. If f = " — t* would not be homogeneous with respect to w for
some x € Ker(A), then its homogeneous components, the monomials t*" and
t*, would lie in /4 (see lemma B&). This is not possible since /4 contains no

monomials.

T

Hence, we have 0 = w'x = w’ (xT—x7) since w'x* = w'x~ for all x € Ker(A),

so w is in the row space.
Now we can use this equivalency to show a) < ¢):

c) =>a)
Since the generators of /4, are a subset of the generators of /4, the statement

follows with the same proof as in c) => b).

a) =>¢)
Suppose w is a positive weight vector such that /,, is homogeneous with respect
to w. By applying theorem B9 iteratively as in the proof of theorem BEI0, we can
show that /4 Is homogeneous with respect to the same weight vector, so we are
in the situation of b) and can apply the proof of b) => ¢).
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5.12 Algorithm: Hosten and Sturmfels
Input:
A 6 Zan
w € RY, a vector in the row-space of A,
c € R3,,
>. a global monomial ordering with c"a > c'3 = t* > t5,
v a feasible solution of (IP) = mincx s.t. Ax = b, x > 0.

Output:

v* an optimal solution of (IP).

Let >/ ; be the local reverse lexicographical ordering w.r.t the variable ordering
t<th<.. <t 1 <tpu<..<t,

Let >, ; be the global monomial ordering induced by w with > ; as tie-break.

1 Compute a lattice basis U of Ker(A)

2 lpy = (" =t |x e U)

3 Compute a reduced Grobner basis Gg of /4, with respect to >, 1
4 fori=1,...,.n—1do

5 G ={geK[t]| titg. Ik e N:tfge G, 1}

6 la = (G))

7 Replace G; by a reduced Grobner basis of /4, with respect to >, ;11
s end

0o G, ={geKI[t] | tatg,IkeN:thge G, 1}

10 14 :=(G,)

11 Use G, to compute a reduced Grobner basis G of /4 = /4, with respect to >
12 Compute t = redNF(t", G)

13 return v*

Proof of termination:

We have seen in the third section, that computing a (reduced) Grébner basis starting
with a finite set of generators can be done in finite time (see algorithm B2 and
theorem E13).

In particular, the reduction in step 12 can also be done in finite time.

Computing a lattice basis can be done in polynomial time using the LLL algorithm, see
remark 3. [l
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Proof of correctness:

We have shown in the proof of proposition BEI1, that if we suppose the existence of
a positive vector in the row-space, /4, Is homogeneous with respect to the weighted
degree given by this vector, so we can iteratively apply theorem B, as done in the
proof of theorem BI0.

Theorem B4 shows that we get indeed a Grobner basis for /4 after the 10" step, so
the correctness follows by the correctness of the generic algorithm (see theorem B—18),

since we are in a situation where the assumptiom E=I4 holds. ]

5.13 Example

If we consider the integer program (IP) from example 9 and the toric ideal associated
to its constraint matrix /4, = (g) with g = t;ts — tot3 from example B, the steps
4 up to 11 of the algorithm above become trivial since /4, is principal so the Grobner
basis of /4, with respect to any monomial ordering is {g} (see example B23) and g is

a primitive binomial, so we cannot divide both monomials by any variable.

We have already computed in example B8 that redNF(t¥,{g}) = t{°t3°t3°, where
v = (40, 10,0,30)7 is the initial solution of (IP) given in example 9.

Therefore, v* = (10, 40,30,0)" is an optimal solution for (IP).

At the end of this thesis, we will take a look at the restrictions on the integer program

we have in the final algorithm, and show that some of them can be eased.

5.14 Remark

First note that we really need the vector w € RZ, in the row space, since otherwise our
ideal would not be homogeneous and its components must be positive, since otherwise
the monomial orderings we use would not be global. If there is no such vector, we may

use other algorithms described in [[The99] which work by introducing additional variables.

Finding such a vector (under the assumption of its existence) can be done using meth-

ods from linear optimization:

Instead of solving the system of strict inequalities

m
Z a'z,>0
i=1

(where a' denotes the /t" row of A), we can also solve the system of >-inequalities

m
Z a’z,- >1
i=1
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since if z € R solves the first system, we can find A € IN such that Az solves the

second system.

Note that the second system looks like a constraint of a linear program as in defini-
ton 1, so we may apply methods for finding initial solutions of linear programs to find
a solution z and thus w = A’ z, a positive vector in the row space of A.

5.15 Remark
In the case ¢ € RY, as in the algorithm above, it is easy to find a global monomial
ordering >, as desired, we can use the monomial ordering induced by ¢ with >4, as

tie-break as in example B2.

But we could indeed drop this condition using more theory from optimization: We can
also solve the problem in the case ¢ &€ RZ, if our problem has an optimal solution (this
is always the case for ¢ € R%, if the program has a solution at all as shown in Z8). In
this situation, we can use efficient methods from linear optimization to solve the linear
relaxation of (IP) (the linear program we get by dropping the condition x € Z").

We can derive a vector a vector z € IN” from the optimal solution of this linear pro-
gram such that any monomial ordering >, induced by z is compatible with (IP) (that
is c'x>cly = t*>, t¥ for feasible solutions x, y).

Since this monomial ordering is not compatible with all integer programs in /P4, the
reduced Grobner basis of /4 would not be a test set, but the theory would work for the
special instance /P, (b) we used to define >.

For more information on how to find this vector, see [Ihe9d, p. 43f].

5.16 Remark

We require an initial solution of the integer program as input to our algorithm.

In many real-life applications of integer programming, it is easy to give such an non-

optimal but feasible initial solution.

If we don't have an initial solution given, we can compute one either by using methods
from optimization or by using computer algebra: we can add variables y1, ..., v, (where
m is the number of constraints) to define a certain ideal related to the toric ideal /4,
compute a Grobner basis of this new ideal and then reduce Xb with respect to this
Grobner basis as shown in [TheQ9, p. 52] and [Stu96, p. 43].

Note that it may be more convenient to use the algorithm of Conti and Traverso instead

of the algorithm of Hosten and Sturmfels in this setup.
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